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A REPRESENTATION FORMULA FOR THE p-ENERGY OF
METRIC SPACE VALUED SOBOLEV MAPS
PHILIPPE LOGARITSCH AND EMANUELE SPADARO
Abstract. We give an explicit representation formula for the p-energy of
Sobolev maps with values in a metric space as defined by Korevaar and Schoen
(Comm. Anal. Geom. 1 (1993), no. 3-4, 561–659). The formula is written in
terms of the Lipschitz compositions introduced by Ambrosio (Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 3 (1990), n. 17, 439–478), thus further relating
the two different definitions considered in the literature.
0. Introduction
In this short note we show an explicit representation formula for the p-energy of
weakly differentiable maps with values in a separable complete metric space, thus
giving a contribution to the equivalence between different theories considered in the
literature.
Since the early 90’s, weakly differentiable functions with values in singular spaces
have been extensively studied in connection with several questions in mathematical
physics and geometry (see, for instance, [1, 2, 3, 6, 7, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 22]). Among the different approaches which have been proposed,
we recall here the ones by Korevaar and Schoen [15] and Jost [12] based on two
different expressions of approximate energies; that by Ambrosio [1] and Reshetnyak
[18] using the compositions with Lipschitz functions; the Newtonian–Sobolev spaces
[11]; and the Cheeger-type Sobolev spaces [17].
As explained by Chiron [3], all these notions coincide when the domain of def-
inition is an open subset of Rn (or a Riemannian manifold) and the target is a
complete separable metric space X (contributions to the proof of these equiva-
lences have been given in [3, 11, 19, 22]). Nevertheless, the energies associated with
these different approaches do not coincide in general (we refer again to [3] for a
detailed discussion about the pairwise comparisons). For instance, the Dirichlet
energies defined by Korevaar and Schoen [15] and Jost [12] are a generalization
of the classical harmonic energy of maps with values in a Riemannian manifold;
while the natural energy associated with the definition given by Reshetnyak does
not coincide with the Dirichlet energy, but rather corresponds to the integral of the
square of the operator norm of ∇u for maps with values in Rm (see, for instance,
[20]). On the other hand, even if not the right generalization, the energy considered
by Reshetnyak has a representation formula given by a supremum of compositions
with Lipschitz functions, while the harmonic energy by Korevaar–Schoen and Jost
is expressed by a limiting process which does not lead to an explicit formula.
In some applications an expression for the energy may be actually desirable. In
a recent work by De Lellis and the second author [4], a connection between the two
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approaches has been found in the special case of functions with values in the metric
space of multiple points. Indeed, a formula for the Dirichlet energy of Almgren’s
Q-valued functions in terms of Lipschitz compositions is in fact the starting point
to revisit the regularity theory and develop a new approach.
Here we show that such a link can be found in general, i.e. the p-energy Ep(u)
introduced by Korevaar and Schoen [15] can be actually expressed in terms of the
compositions with the distance functions considered by Reshetnyak, thus leading
to an explicit formula for the energy density (see the next sections for precise
definitions).
Theorem 0.1. Let (X, d) be a separable, complete metric space, p ∈ [1,∞[ and
u ∈ W 1,p(Ω;X), with Ω ⊂ Rn open and bounded. Then, the p-energy of u have the
following explicit representation:
(0.1) Ep(u) =
ˆ
Ω
(
−
ˆ
Sn−1
|∂νu|
p
(x) dHn−1(ν)
)
dLn(x),
where
(0.2) |∂νu|(x) = sup
ξ∈D
|ν · ∇(d(u(x), ξ))| for a.e. x ∈ Ω,
and D ⊂ X is any countable dense subset.
Theorem 0.1 is in line with the results in [4]. However, if in the case of Alm-
gren’s multiple valued functions it is enough to sum the partial derivatives of the
composition functions, in the case of a generic metric space an orthonormal frame
may not be sufficient, but one needs instead to consider an average of all partial
derivatives in all directions (see § 2.3 for an example in which the partial derivatives
do not suffice to give the harmonic energy).
1. Sobolev Maps with Values in a Metric Space
In this note we restrict ourself to consider the form of the p-energy as defined
by Korevaar and Schoen [15], the equivalence with the definition by Jost [12] being
shown in [3]. Moreover, for the sake of simplicity in the exposition, we consider here
only the case of maps with domain a bounded open subset Ω ⊂ Rn. Indeed, every-
thing can be easily generalized to the case of domains in a Riemannian manifold
(M, g).
In what follows, (X, d) is a complete, separable metric space. We denote by
Lp(Ω;X) the set of measurable functions u : Ω → X such that, for some (and
hence every) ξ ∈ X , x 7→ d(u(x), ξ) is a function in Lp(Ω). For simplicity of
notation, in the following we consider the case p ∈ [1,∞[. W 1,∞ maps with values
in X are exactly the Lipschitz maps and all the results below are actually simpler
in this case.
In [15] the authors proposed a definition of Sobolev maps into a metric space
starting from a family of approximate energies. The following is an equivalent, but
for some aspects simplified, definition.
Definition 1.1. Let p ∈ [1,∞[ and u ∈ Lp(Ω;X). The Korevaar–Schoen p-energy
of u is given by
Ep(u) := sup
f∈Cc(Ω)
0≤f≤1
(
lim sup
h→0
ˆ
Ω
euh,p(x)f(x)dx
)
,
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with
(1.1) euh,p(x) :=

cn,p
ˆ
B1(0)
dp(u(x), u(x + hv))
hp
dLn(v) if x ∈ Ωh,
0 else,
where cn,p :=
n+p
nωn
and Ωh := {x ∈ Ω : d(x, ∂Ω) > h}. A map u is said to belong
to the Sobolev space W 1,p(Ω;X) for p ∈]1,∞[, or to the space of functions with
bounded variation BV (Ω;X) for p = 1, if Ep(u) < +∞.
Note that, unlike in the original paper [15], we did not base the definition of Ep
on spherical averages but on ball averages – and we also divided by nωn in order to
save us from taking care of different normalization factors hereafter. Korevaar and
Schoen proved that, when Ep(u) < +∞, the measures euh,pdL
n converge weakly as
h→ 0 to the same limit measure µ as the spherical averages do [15, Theorem 1.5.1].
Furthermore, it is proved in [15, Theorem 1.10] that, for p ∈]1,∞[, µ is absolutely
continuous with respect to Ln, i.e. there exists some h ∈ L1(Ω) such that
(1.2) µ = h dLn.
In the case p = 1, if the limit measure is absolutely continuous with respect to Ln,
then u is said to belong to the Sobolev space W 1,1(Ω;X).
The spaces W 1,p(Ω;X) can also be characterized by using the composition with
Lipschitz functions of the metric space following the approach by Ambrosio [1] and
Reshetnyak [18]. Indeed, as proven in [19] (see also [3, Proposition 4]) the following
holds.
Proposition 1.1. Let p ∈ [1,∞[. Then, u ∈W 1,p(Ω;X) if and only if
(i) for every ξ ∈ X, the map Ω ∋ x 7→ d(u(x), ξ) belongs to W 1,p(Ω);
(ii) there exists g ∈ Lp(Ω) such that, for every ξ ∈ X,
(1.3) |∇(d(u, ξ))| ≤ g Ln-a.e.
As shown by Reshetnyak [18, Theorem 5.1] (see also [4, Proposition 4.2] for
the case of multiple valued functions, the proof remaining unchanged in the general
case), there exists a minimal gmin ∈ L
p(Ω) such that (ii) holds: namely, if g ∈ Lp(Ω)
satisfies (1.3), then gmin ≤ g L
n-a.e. Moreover gmin is given by the following
expression:
(1.4) gmin := sup
ξ∈D
|∇(d(u, ξ))|,
where D ⊂ X is any countable dense set.
Reshetnyak [20] showed that in general the p-energy Ep(u) does not coincide
with ‖gmin‖
p
Lp . In fact, in the case of X = R
m, E2(u) equals the usual Dirichlet
energy of the map u, while ‖gmin‖
2
L2
is the integral of the square of the operator
norm of ∇u. In the next section we show how to express the p-energy in terms of
a variant of the supremum in (1.4).
2. A representation formula for the p-energies
Here we show how to recover the Korevaar–Schoen energy Ep in the framework
of Reshetnyak, proving Theorem 0.1.
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2.1. Directional Derivatives. To this purpose, we start showing the existence of
a well-defined notion of the modulus of directional derivatives.
Lemma 2.1. Suppose p ∈ [1,∞[, ν ∈ Sn−1 and u ∈ W 1,p(Ω;X). Then, there
exists a unique gν ∈ L
p(Ω) such that
(i) for every ξ ∈ X, |ν · ∇(d(u, ξ))| ≤ gν L
n-a.e. in Ω,
(ii) if f ∈ Lp(Ω) is such that, for every ξ ∈ X, |ν · ∇(d(u, ξ))| ≤ f Ln-a.e.,
then gν ≤ f L
n-a.e. in Ω.
Moreover, the function gν is given by the following representation formula:
(2.1) gν := sup
ξ∈D
|ν · ∇(d(u, ξ))|,
where D ⊂ X is any countable dense subset, and the map
Ω× Sn−1 → R,
(x, ν) 7→ gν(x),(2.2)
belongs to Lp(Ω× Sn−1) for the product measure Ln ×Hn−1.
Proof. The proof follows closely the arguments in [4, Proposition 4.2]. The unique-
ness is an immediate consequence of (i) and (ii). Hence, it suffices to verify that
the functions gν defined in (2.1) satisfy (i) and (ii). The latter condition follows
immediately from |ν · ∇(d(u, ξ))| ≤ f by taking the supremum in D . For (i), let
(ξk)k∈N in D converging to ξ. Then (d(u, ξk))k∈N converges in L
p(Ω) to d(u, ξ) and
for every ψ ∈ C∞c (Ω):ˆ
Ω
(ν · ∇d(u, ξ))ψ dLn = −
ˆ
Ω
d(u, ξ) (ν · ∇ψ) dLn
= − lim
k→∞
ˆ
Ω
d(u, ξk) (ν · ∇ψ) dL
n
= lim
k→∞
ˆ
Ω
(ν · ∇d(u, ξk))ψ dL
n
≤
ˆ
Ω
gν |ψ| dL
n.
Since ψ is arbitrary, we can deduce the desired inequality.
The last part of the statement simply follows from the measurability of the maps
(x, ν) 7→ |ν · ∇(d(u(x), ξ))| for every ξ ∈ D and the bound gν ≤ gmin L
n-a.e. for
every ν ∈ Sn−1, where gmin is given in (1.4). 
In the sequel we denote by |∂νu| the function gν from the previous lemma, which
will be the building blocks in order to find an expression for the Korevaar–Schoen p-
energies. Before giving the proof of Theorem 0.1, we introduce this further notation:
we set |∂vu| := supξ∈D |v · ∇(d(u, ξ))| for every v ∈ R
n \ {0} and notice that
|∂vu| = |v| |∂ v
|v|
u|.
One checks immediately that, for p ∈ [1,∞[ and u ∈ W 1,p(Ω;X), it holds
−
ˆ
Sn−1
|∂νu|
p
dHn−1(ν) = cn,p
ˆ
B1(0)
|∂vu|
p
dLn(v) for Ln-a.e. x ∈ Ω,
where cn,p is the constant in (1.1).
We start premising the following lemma.
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Lemma 2.2. Let p ∈ [1,∞[, u ∈W 1,p(Ω;X), v ∈ B1(0) and h > 0. Then,
(2.3)
ˆ
Ωh
dp(u(x+ h v), u(x))dLn(x) ≤ hp
ˆ
Ω
|∂vu|
p
dLn.
Proof. For every ξ ∈ X and Ln-a.e. x in Ωh, by the differentiability of Sobolev
functions on almost every line, it holds
|d(u(x+ h v), ξ)− d(u(x), ξ)|
p
=
∣∣∣∣
ˆ 1
0
h v · ∇d(u(x + t h v), ξ) dt
∣∣∣∣
p
≤ hp
ˆ 1
0
|∂vu|
p(x + t h v) dt.(2.4)
Since for every countable dense D ⊂ X ,
d(u(x+ h v), u(x)) = sup
ξ∈D
|d(u(x+ h v), ξ)− d(u(x), ξ)| for Ln-a.e. x ∈ Ωh,
we infer from (2.4) that for Ln-a.e. x in Ωh:
(2.5) dp(u(x+ h v), u(x)) ≤ hp
ˆ 1
0
|∂vu|
p(x+ t h v) dt.
Integrating over x and applying Fubini’s theorem, we deduce easily (2.3). 
2.2. Proof of Theorem 0.1. For p ∈ [1,∞[ and u ∈ W 1,p(Ω;X), we set
Ep(u) :=
ˆ
Ω
−
ˆ
Sn−1
|∂νu|
p
dHn−1(ν) dLn
= cn,p
ˆ
Ω
ˆ
B1(0)
|∂vu|
p
dLn(v) dLn.
In order to prove Theorem 0.1, we need to show that Ep(u) = Ep(u). We proceed
in two steps.
Step 1: Ep(u) ≤ Ep(u). Fix some h > 0 and f ∈ Cc(Ω) with 0 ≤ f ≤ 1. Then,ˆ
Ω
euh,p(x) f(x) dL
n(x) =
ˆ
Ωh
cn,p
ˆ
B1(0)
dp(u(x+ hv), u(x))
hp
dLn(v) f(x) dLn(x)
≤ cn,p
ˆ
Ωh
ˆ
B1(0)
dp(u(x+ hv), u(x))
hp
dLn(v) dLn(x)
= cn,p
ˆ
B1(0)
ˆ
Ωh
dp(u(x+ hv), u(x))
hp
dLn(x) dLn(v),
where we used Fubini’s theorem in the last equality. Hence, by (2.3) in Lemma 2.2,
we can inferˆ
Ω
euh,p(x) f(x) dL
n(x)
(2.3)
≤ cn,p
ˆ
B1(0)
ˆ
Ω
|∂vu|
p
(x) dLn(x) dLn(v)
= Ep(u).
As Ep(u) is independent of h and f , we get the desired inequality by passing into the
limit in h→ 0 and then taking the supremum over all f ∈ Cc(Ω) with 0 ≤ f ≤ 1.
Step 2: Ep(u) ≤ Ep(u). For every ε > 0, we fix hε > 0 small enough to have
Ep(u) ≤
ˆ
Ωhε
cn,p
ˆ
B1(0)
|∂vu|
p
(x) dLn(v)dLn(x) + ε.
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Then, we pick f ∈ Cc(Ω) with 0 ≤ f ≤ 1 and f Ωhε = 1 (which exists by Urysohn’s
lemma – see, for instance, [21, Lemma 2.12]). It follows that
Ep(u) ≤
ˆ
Ωhε
cn,p
(ˆ
B1(0)
|∂vu|
p
(x)dLn(v)
)
f(x) dLn(x) + ε
=
ˆ
Ωhε
cn,p
(ˆ
B1(0)
sup
k∈N
|v · ∇(d(u(x), ξk))|
pdLn(v)
)
f(x) dLn(x) + ε,(2.6)
where {ξk}k∈N ⊂ X is any dense subset. Using monotone convergence, we can
rewrite the interior integral in the following way: for Ln-a.e. x in Ωhε ,ˆ
B1(0)
sup
k∈N
|v · ∇(d(u(x), ξk))|
p
dLn(v)
= lim
N→∞
ˆ
B1(0)
max
1≤k≤N
|v · ∇(d(u(x), ξk))|
p
dLn(v).
On the other hand, by the Lp-approximate differentiability of Sobolev functions
(see, for example, [5, 6.1.2]), we know that, for Ln-a.e. x in Ωhε , the incremental
quotients
Rh,k(v) :=
d(u(x+ h v), ξk)− d(u(x), ξk)
h
,
converge in Lp(B1(0)) as h → 0 to the linear function Lk(v) = v · ∇(d(u(x), ξk)).
Therefore, it follows thatˆ
B1(0)
max
1≤k≤N
|v · ∇(d(u(x), ξk))|
pdLn(v) = lim
h→0
ˆ
B1(0)
max
1≤k≤N
|Rh,k(v)|
p dLn(v)
≤ lim inf
h→0
ˆ
B1(0)
∣∣∣∣d(u(x+ hv), u(x))h
∣∣∣∣
p
dLn(v),
where we used the triangle inequality
d(u(x+ h v), ξk)− d(u(x), ξk) ≤ d(u(x+ h v), u(x)).
Combining this estimate with inequality (2.6), we deduce:
Ep(u) ≤
ˆ
Ωhε
cn,p lim inf
h→0
(ˆ
B1(0)
∣∣∣∣d(u(x+ hv), u(x))h
∣∣∣∣
p
dLn(v)
)
f(x) dLn(x) + ε
(∗)
≤ lim inf
h→0
ˆ
Ωhε
cn,p
ˆ
B1(0)
∣∣∣∣d(u(x + hv), u(x))h
∣∣∣∣
p
dLn(v)f(x) dLn(x) + ε,
≤ lim inf
h→0
ˆ
Ω
euh,p(x) f(x) dL
n(x) + ε
≤ Ep(u) + ε,
where we used Fatou’s lemma in (∗). As ε > 0 was arbitrary, we deduce the desired
inequality. 
Theorem 0.1 gives an explicit representation formula for the p-energy of any
function u ∈ W 1,p(Ω;X), as well for the limiting energy density h by Korevaar and
Schoen in (1.2). Indeed, we can localize the equality between the energies in any
subdomain Ω′ ⊂ Ω, thus leading to the equality between the densities:
h = −
ˆ
Sn−1
|∂νu|
p
dHn−1(ν).
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2.3. An example. As explained in the Introduction, a first special instance of a
formula for the Dirichlet energy in terms of Lipschitz compositions is the one for
Almgren’s multiple valued functions in [4]. In this case, indeed, it is enough to sum
the values of the directional derivatives along an orthonormal frame. Here we show
that in general this is not enough.
To this purpose, consider X := (R2, d∞), where d∞ is the distance induced by
the maximum norm, i.e. for any ξ = (ξ1, ξ2), η = (η1, η2) ∈ R
2,
d∞(ξ, η) := max{|ξ1 − η1|, |ξ2 − η2|}.
The following elementary lemma shows that a map whose components are classical
Sobolev functions belongs actually to W 1,p(Ω;X).
Lemma 2.3. Let Ω ⊂ Rn be an open, bounded set, and f1, f2 ∈ W
1,p(Ω). Then,
the map u := (f1, f2) belongs to W
1,p(Ω;X) and, for every ν ∈ S1,
|∂νu|(x) = max{|ν · ∇f1(x)|, |ν · ∇f2(x)|} for L
n-a.e. x ∈ Ω.
Proof. Fix any ξ = (ξ1, ξ2) ∈ R
2. As d(u(x), ξ) = max{|f1(x)− ξ1|, |f2(x)− ξ2|}
for Ln-a.e. x ∈ Ω, we see that d(u, ξ) belongs to W 1,p(Ω). Since for Ln-a.e. x ∈ Ω
we have:
(2.7) |∇(d(u(x), ξ))| =
{
|∇f1(x)| if |f1(x) − ξ1| > |f2(x)− ξ2|,
|∇f2(x)| else,
one can estimate |∇d(u, ξ)| by g := max{|∇f1|, |∇f2|}. As g is independent of ξ
and since g belongs to Lp(Ω) we infer that u belongs to W 1,p(Ω;X). Moreover, we
see that the remaining claim follows also from (2.7). 
Now, using the previous lemma, we can easily find an example where the sum of
the partial derivatives on a frame does not equal the harmonic energy. Consider,
for instance, the map u := (f1, f2) : Ω ⊂ R
2 → R2, where fi(x1, x2) := xi for
i ∈ {1, 2}. Applying Lemma 2.3, we get |∂νu| = max{|ν1|, |ν2|}. Hence, we infer
that
2 = |∂e1u|
2
(x) + |∂e2u|
2
(x) > −
ˆ
S1
|∂νu|
2
(x) dH1(ν) =
2 + pi
2 pi
.
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